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An approach based on second-order approximation technique and partial wave
analysis method has been proposed for analyzing the generation of the cumulative
sum frequency (SF) and difference frequency (DF) acoustic waves in a
two-dimensional hard-walled waveguide. There are two or more sets of
fundamental modes with different frequencies, in the waveguide, if an excitation
source is of multi-frequency. The cross-interaction between two partial waves of the
fundamental modes with different frequencies causes the generation of the driven
SF and DF waves. The driven SF and DF waves may have the cumulative growth
effect once the two fundamental modes with different frequencies have the same
phase velocities. With appropriate boundary and initial conditions of excitation,
the physical process of generation of the cumulative SF and DF waves has been
clearly shown, and the analytical solution of the cumulative SF and DF waves has
also been determined. The solution shows that the cumulative SF and DF acoustic
fields may be symmetrical or antisymmetrical. The numerical results clearly reveal
the distortion and the symmetry of the field patterns of the cumulative SF and DF
waves.

© 2000 Academic Press

1. INTRODUCTION

The hard-walled waveguide filled with fluid is one of the simplest waveguides. Due
to the bulk non-linearity of the fluid, second order acoustic wave generation will
occur once a fundamental mode propagates in the waveguide. If the thickness of the
waveguide is much less than its transverse width, for simplicity, the waveguide can
be assumed to be two dimensional. Thus, the examination of second order acoustic
wave generation in a two-dimensional hard-walled waveguide can be of practical
significance. The generation of second order acoustic waves in a two-dimensional
hard-walled waveguide has drawn more and more attention, and has been
discussed intensively in the past [1-4]. So far, much attention has been drawn to
the case in which the excitation source is of single frequency. In practical cases,
however, the excitation source may include two or more frequencies, and two or
more sets of acoustic propagation modes with different frequencies will be
generated. Due to the bulk non-linearity of the fluid in the waveguide, second order
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acoustic waves [including the second harmonic, the sum frequency (SF) and
difference frequency (DF) acoustic waves] will occur, and, in general, it is difficult to
obtain an analytical expression for the harmonic fields to predict and demonstrate
their non-linear characteristics.

Moreover, previous analyses were focused on the cumulative second-harmonic
generation caused by an excitation source with a single frequency. From
those analysis results we still do not comprehend the cumulative growth effect of
the SF and DF waves that cannot be avoided in practical case. Hence, the
examination on the physical process of generation of the cumulative SF and DF
waves is necessary.

Usually, analyses are focused on the cumulative growth of second order acoustic
waves due to their obvious effect. This article, under a quadratic perturbation,
derives a full solution for the generation of the cumulative SF and DF waves
caused by an excitation source with two different frequencies. The solution should
work for any excitation source with two different frequencies in contrast to the
previous analysis in which the source is of single frequency. For simplicity, we
still assume that the fluid in the waveguide is homogeneous with no attenuation,
no dispersion and no mean flow, and that there is no energy exchange between
the fundamental waves and the higher harmonics, and that second order wave
amplitude is much smaller than the fundamental one which we suppose as
constant. The analysis results reveal that the SF and DF waves will have the
cumulative effect once two fundamental modes with different frequencies have
the same phase velocities, and that the symmetrical characteristics of the
cumulative SF and DF acoustic field patterns are dependent of those of two
fundamental modes.

2. THEORETICAL FUNDAMENTAL

A Cartesian co-ordinates system is shown in Figure 1, in which the oz-axis
coincides with the center of the hard-walled waveguide, and the oy-axis is normal to
the walls of the waveguide. It is assumed that an excitation source at position z = 0
has two frequencies f; and f,. Each frequency corresponds to a set of fundamental
modes. For simplicity, the sign, ( f;, [), is used to indicate the /th fundamental mode
with frequency f; (i = 1, 2). According to the partial wave analysis method [5], the
Ith fundamental mode with frequency f; and angular frequency w; consists of two
partial longitudinal waves which are reflected at the upper and lower walls of the
waveguide. Because there is a condition of phase matching between the two partial
longitudinal waves of the (f;, 1) mode, the oz-axis components of two wave vectors
are of the same magnitude. The formal solution of two partial longitudinal waves of
the (f;, 1) mode is given by [4, 5]

1) _ 0 : . ~
uitn-1=Up -1 K- 1eXp UK 4 - 11— joit],

(1) _ 0 ~ . -
Uip n—r =ucs -2 K -2 exp UK, o n 12 — joul] (1)
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Figure 1. The wave vectors and the mechanical displacement ones of the (f;, m) and ( f5, n) modes,
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with

Kfi = |K(fl-,l)71| = |K(f,.,1)—z| = w;/c,

kigny = Kgsin O, 0, opnkipn = Ky,cos by,

iy = 0ifkg gy = €sin O, o,

Kin-ptp=kgnz + (= Doy nkg .y, p=12 2
In equations (1) and (2), uf})i,,)_ , (p = 1,2)is the mechanical displacement vector of

the partial longitudinal wave, uy, ;- , is the amplitude of u{?) | K¢, ,,_ is the
unit vector of the wave vector K, ;- ,, K, is the magnitude of K, ;- ,, ¢ is the
longitudinal velocity of the fluid, and ¢;, ;) denotes the phase velocity of the (f;,1)
mode.

The ultimate displacement vector of the (f;, [) mode is given by

1) _ o) 1)
Uiy =Un—1 T UG -2 (3)

The boundary condition requires that the oy-axis component of u{} ; equal zero at
y = =+ d, which yields the following matrix equation:

[M(k,»d)] [“‘f“”‘l} —0, )

Ur, -2
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where [M(k,, 1,d)] is a 2 x 2 matrix the elements of which are given in Appendix A.
From M (k;, 1,d)| = 0 we have the equations.

2005, ks pd =1 (1=0,1,2,...) (5)
and
ugy-1= (=Dl 6)

The amplitude u,, -, (p = 1, 2) can be determined by the excitation source. The
wave vectors and the mechanical displacement ones of the partial waves associated
with the (f1, m) and ( f>,n) modes are illustrated in Figure 1.
A second order wave equation of the fluid in the Cartesian co-ordinates system is
given by [4, 6]
AV(V-a?) —u? = Fu®),

Fu®) =321 + ) W(V-u), (7)

where y is the ratio of specific heats for the gas or (1 + B/A) for the liquid, u* and
u?® denote the fundamental and second order harmonic displacements,
respectively, F(u')) is the driving force produced by the fundamental wave u) due
to the bulk non-linearity of the fluid.

In fact, only the real part ofu{}) ,, _ (p = 1, 2) has physical meaning in a practical
problem. Thus, the ultimate displacement vector u'™ of the ( f;,m) and ( f>, n) modes
can be expressed as

ay _ 1)
u = 12[“<fl ay—p Ty F Uy, 00 T, t)
p=1,

N —

whereii{’) (i, p = 1,2,1 = m, n)is the complex conjugation of u'} , . Inserting
u into F(u'?) yields the multi-component of the driving force. Because the
cumulative second-harmonic generation arising from the partial wave
self-interaction of each fundamental mode has been intensively studied before
[1-4], we only taken into account the partial wave cross-interaction between the
(f1, m) and ( f,, n) modes. Thus, the corresponding driving force component can be
formally written as [neglecting the factor exp [ — j(w; + w,)t]]

F(u(l)) = Z Fify + fommpa K(Ofl + fomnpg CXP [jK(,fl + fommpa Tpg] + C.C. )

p.q=1,2
with
K(fl * fumn)pg = K(fum)_P i K(fz:")_‘I’
F __ 1 K
(f1 + fasmp)pg — _Zwla)Z( + /) U f.m) *Pu(fz 7q| (O} +fzm”17q|

J .
Fifommpa = + 70 @2 (L + P uism — p i — o Kis — prmmpal- (10)
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In equation (9), c.c. stands for the complex conjugation of the preceding term,
K{, + fomnpg 18 an unit vector of K 4, mmpg» the subscript, (fi +13) or (fi — f2),
denotes whether the corresponding physical quantity is associated with SF or with
DF term, respectively. In this following analysis, for simplicity, we may take into
account only the first term of equation (9). i.e., we use the exponential function
instead of the cosine function.

Combining equations (7) and (9) yields the driven SF and DF waves

0
Fipy s rmmpa K+ ummpa
2 2
L@y + 02)° — " Kis, 4 pommpa K+ pommpg ]

D
uéfl)ifz,m,n)pq =

X exp [jK(fl + fa,mn)pq rpq - J(wl i (Dz)t],
Kis, + pummpa Tpg = [Kirom £ kipom 12
+ [(_l)pa(fl,m)k(fl ,m) i ( - l)qa(fz,n)k(fz,n)] Yy, D, q= 19 2. (11)

The wave vectors and the mechanical displacement ones of the driven SF and DF
waves are shown in Figure 2. Generally, (0 + @,)* # 2 K(;: + fummps K 4 fmmpas
the amplitude of the driven SF or DF wave is a finite value, i.e., there is no
cumulative growth effect for the driven SF and DF waves. Usually, we are
interested in the case in which the second order acoustic waves have a cumulative
effect. For a driven SF and DF waves, there is a resonant phenomenon once the
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Figure 2. The wave vectors and the mechanical displacement ones of the driven SF and DF waves,
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denominator of the amplitude of u{?. ; ..., equals zero. If one take into account

the solution to u{?., .., the resonance occurs once (w; + w,)* =
2

K, £ fommpa Kis, £ fummpg- Tt follows that

(w1 + 0,)* = AKipym-1p T Kipam-1p1% P=12, (12a)

(@1 + 0)* = Ky m-1p T Kipom-14l®s Pg=12p#q. (12b)
Combining equations (2) and (12) leads to

cos[O, my — Oy ] = 1, (13a)

cos[O, m + 0] = 1. (13b)

It is easy from equation (13a) to deduce the relationship 0y, m) = 0s, n), 1.€., the
direction of the wave vector K, -1, coincides with that of the wave vector
K, .m-1p- It 1s also found, from equation (2), that the phase velocity of the ( f1,m)
mode, cr, m), €quals that of the (f,,n) mode, ¢, .. Apparently, equation (13b)
cannot be satisfied; therefore, there is no resonant phenomenon for the driven SF or
DF wave, u(?, . ... (p, ¢ =1,2, p#q). Although the resonance occurs once
Ocr,.m = O(r,.m) OF C(g,.m) = C(s,.my» the solution to u? " (p =1,2) still exists.
The solution of the driven SF and DF waves, under the condition ¢y, ) = ¢, m»
can be formally given by [4]

(D) — 0 . : .
Uis + fommpp = A [K(fx + f2.m,n)pp rpp] exXp [JK(fl + fo,mn)pp rpp]’ (14)

where A4 is a constant to be determined. After substituting equation (14) into
equation (7), we have [the right-hand side of equation (7) is F\, + 1, mumpp KO + 1.

exp (K, + fmmpp " Tpp)]

m,n)pp

Fii + fommpp
— [ Uitfem . 5
% [y + w3)c] (15)

Combining equations (14), (15), and the relationship 0s, ) = O0(s,.n) OF C(p,.m) =
C(r,.m) ylelds

0 .
u(D) ) — F (S1 £ fo,mn)pp [K(fl + f2,mn)pp rpp]
(f1 £ f2,m,n)pp 2j02 [(0)1 + wz)/c]

exp LK, + fmmpp Tppl

= u((.lf):)ifz,m,n)pp [(Z/d) sin 9(/’1 \m) + (_ l)p (y/d) cos g(fZ*")] K?fl -m) = p
X exp LKz, + fommpp " Topds

2 o
(D) _ —(1 —I—’}))TC flded Ui my—pU(ram—p
Ut fommpe> =+~ "7 d »

p=12. (16)
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Figure 3. The wave vectors and the mechanical displacement ones of the driven SF and DF waves,
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Thus the driven SF and DF waves, ug,)-l) + fommpp (P =1,2), grow linearly with the
propagation distance once ¢y, .m) = C(r,.n- For this case there is a relationship

w1 + W,

_ _ 0
K, +fommow = Kipyom—p = Kipym—p = K m-»p- (17)

The wave vectors and the corresponding mechanical displacement ones of the
driven SF and DF waves with the cumulative effect are shown in Figure 3. There
are the driven SF and DF waves without the cumulative growth effect, i.e.,
uEJl‘)l)J_rfz,m,n)pq (p #9); beside ug?l)ifz,m,n)pp (p =1,2).

Zhou and Shui [ 7] have revealed that the effect of cumulative growth of reflected
second harmonic, at an interface, arises from both the self-interaction of the
primary wave (fundamental wave) and the boundary restriction. For the problem of
generation of the cumulative SF and DF waves in the waveguide, the partial waves
of the ( fi,m) and (f>, n) modes may be considered to be reflected at the upper and
lower walls of the waveguide, i.e., u{}) ,,—; and u{}) ,,_;, may be considered as the
reflected waves of u{} -, and u{}) , _,, and vice versa. Thus, there are the
cumulative SF and DF waves due to the two walls of the waveguide beside
uéﬁ)ifz,m,n)pp (p =1, 2)'

For the case of the cumulative SF and DF wave generation, there is a boundary
condition which requires that the oy-axis component of SF and DF mechanical
displacement vectors cancel out at the two hard walls. However, this boundary
condition cannot be satisfied if we only take into account the driven SF and DF
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waves. To satisfy this boundary condition, we must introduce the freely
propagating SF and DF waves, i.e., the homogeneous solution of equation (7) [8].

There is a condition of phase matching between the driven and the freely
propagating SF and DF waves. Thus, the freely propagating SF and DF waves
which are to be introduced should propagate along the direction of K, .., ..., T
K/, & fomnpg- Whereas, there are four driven SF and DF waves under the condition
¢(ym = Crom» and only w®, = (p=1,2) with the wave vector
K, & fommpp = (01 + 02)KE, - ,/c has a cumulative growth effect (see Figure 3),
the freely propagating SF and DF waves propagating along K, -/, ., should
include cumulative terms along the oy- and oz-axes. However, the freely
propagating SF and DF waves with the wave vector K/, . 1, ..y, d0 not include
cumulative terms because u{?’, . - is independent of propagation distance.
Considering the oz-axis phase matching between the driven and the freely
propagating SF and DF waves, we describe the freely propagating SF and DF
waves propagating along K, . 1, mpy (P = 1,2) and Ky, & 1, umpe (0,4 = 1,2, p # q) as
follows [4,7]:

(F)

2 2
_ (FO) (FP)
Uyt fommpg = 21 UG oy T2 ) Wiy & fomnpg>
p= p.q=

FC FC -1 :
- i)fm,n)pp [(z/d)cos Oy, my + (—1)P ™ (y/d)sin Oz, m]

0 : .
XK+ rmapp €XP LK (g, 4 fymapp Tow 1o

(FP) _ ,,(FP) 0 . _

UG, 1 g = s+ fumanpa Kh < pumanpa ©XP LIK 5 & pmanpg Toads (18)

W(}Fl}e))re AP the amplitude of the freely propagating cumulative wave, and
Uis L 1 mmpg the amplitude of the freely propagating plane wave.

The ultimate SF and DF waves consist of the driven and the freely propagating
SF and DF waves. It follows that

2
) _ ) )
UE L o = 2 UG T DI |t (19)
p=1 P #4qpq=12

with
2 D :
UG e = s oy LE/AD)SIN O gy + (— 1) (v/d) €08 O, ]

+ u((ici)fz,m,n)pp [(Z/d) Ccos 0(f1 ,m) + (_ 1)17_ ! (y/d) Sin 9(f1 ,m)]

(FP) 0 : .
+ ) oo} K m—p ©XP UK 4 oy Tow s

) (D) (FP) 0) . )
UG s omapg = VU s famarpg + U0, 2 pmana ) KO+ fumanpg ©XP LK (G & fumapg Tpads (20)
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D) . . D) . :
whereu(;’, . . 1s the ampht.ufie ofug,’, fomma shown in equation (16). The SF and
DF wave boundary condition requires that the oy-axis component of
ul? equal zero. Thus, we have

(fi £ f2.m.n)

(D) : (FC)
[ M( k d+ k )] U+ 1t ST O,y + UL 1 €08 Og,
Xy m) K .my@ T %Xp, oy Kisyom (D) ino + yFO) 0
U+ pomm22 STV my T U7, mm22 COS U, om)

(FP)
Z u,, .
(i + fomm 1l
X <3> + [M (s, mkir, md £ oty mkir, md)] [ Fp) }
U (s, + fomn)22

U fomaniz F UL s fomanz
- + fo,mn + fo,mn
+ M s, m Kipy md F g, ki, m 1| 5 D)

UCh + fommat T UG & fomp2t

WS O ry _ [01} , 1)

Sin 0 (f1.m) ()
where the right-hand side of equation (21) is presented in Appendix A, and 0, . 1, 1s

shown in Figure 3. Equation (21) should be satisfied at any point on the walls of the
waveguide, which means that [4, 7]

(M (otr, myKirmd £ 0, mKipmd)]

(D) : (FC)

UGt oyt SOy UG 11 €08 O,y | _

x| b 0 FO) 0 =0 (22)
Ulr 1 fmmy22 SO r oy T+ U 20 COS Ugr, my

and

(FP)
Ul + fommit
[M (o5, myKir, md & 0ty mkir,.md)] [ py }
Uit & fomm22

U oz UG < ot
I -+ fa,m,n =+ fa,mn
+ [M Qs m Kipymd F 0, ki, md)1 |y Lud
i £ fomm2t T U(E + 21
sin 0 o
X (f1 /) — |: 1:|' (23)
SIN (£, m) 02

Taking into account the form of the coefficients matrices of equations (22) and (23),
and the dispersion relationships, i.e., 20y, m) ks, myd = mm and 20y, ks, md = nm,
we have

| M (otr, mkir, md £ 0, mkir,md)| =0,

| M (s, ki, md F o, mkir,md)| = 0. (24)
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Equation (22) has a non-trivial solution. In this article, interest is focused on the
physical process of generation of the cumulative SF and DF waves. Combining
equations (5), (22), and (24) yields

(D) : (FC)
[”(fl + foymm11 S Ocr,om + Ut 5 fommi1 COS O, m]

— +n,, (D) ; (FC)
= (=D)L s 22 S Or, oy + UG 22 €OS Ocry ] (25)
: D + D
From equations (6) and (16) we have u(, . =(=D)™""u® ., and
then, the relationship u(;? ., =(=1)"""uf .. Thus, we can draw

a conclusion that the ultimate cumulative SF and DF waves (including the driven
and the freely propagating waves) are symmetrical as m + n = even number, and
antisymmetrical as m + n = odd number, i.e., the characteristics of symmetry of the
cumulative SF and DF waves are determined by those of the (fi,m) and (f,, n)
modes.

Next we derive the analytical solution of the cumulative SF and DF waves in the
waveguide. The cumulative SF and DF wave component along the oz-axis, denoted

by uff‘ci)fz - 18 given by [neglecting the factor exp [j(k(s, . m * ks,.m)z]1]
ino (D) 0 (FC) z
(100, m Uir, s fymait + €O Ocr, my Ui 2 py i1 7
u?¢ =sin 0 R
(f1 £ f2.mn)z (f1.m) _

(D) : (FC) y
— [cos G(fl,m)”(fl + foomm11 — S G(fl,m)“(fl ifz,m,n)ll] d

zZ
1 (D) (FC)
[Sln 9(f1 ,m) u(ﬂ + f,m,n)22 + cos 9(f1 ,m) u(fl ifz,m,n)zz:l a
+ sin H(fl,m) R+7

D) . (FC) Y
+ [cos Oy, m) U s fmmzz — SIN Ocr,m U, ifz,m,n)22] i

(26)

where R, and R_ are presented in Appendix A.
We assume that the (fi,m) and (f>,n) modes are radiated by a pistonlike
excitation source at z =0. The initial condition of excitation requires that

u79, .. = 0 at z=0. Thus equation (26) leads to [3,4,7,9]
M(FC) _ cos Q(fl,m) (D) _ 1 2 (27)
(h & Lammpr = ) (i & fommpp> P =12
from)

Now we have determined the ultimate cumulative SF and DF waves by equations
(16), (20) and (27). The cumulative SF and DF waves associated with the ( f;, m) and
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(f>, n) modes can be written as

(20) _ (20 20)
Gt fomm = WG fpmmtt T WG L fymn220

Z

(20) D) -
Ji £ fa,mn)pp dsin e(f )
1.m

_
Ui s fmmpp = U

XK?fl,m)fp exp[j(w; £ wZ)K(Ofl,m)*p'rp/C:la p=12 (28)

Equation (28) satisfying the boundary and initial conditions of excitation is the
solution to be determined.

From equation (27) it is easy to show that the right-hand side of equation (23)
equals zero. On the basis of equation (24), equation (23) yields two matrix
equations,

(FP)
u 1+ fo,mn)11
LM (tr, m kir,md £ %p, ki, d)] [ %ij " } =0,
u(fl + fo,m,n)22
ug’?f 2+ u((?)ﬂ' )12
+ 1 T Jj2,mn 1 £ fo,mn .
LM, m ks, md F ot mk,md) ]| #p)” o 2 —0 (29)
U(s, + fommat T U(E 4 fmm21

Equations (24) and (29) show that the freely propagating plane waves have a
non-trivial solution. However, there is a shortcoming that the freely propagating
plane waves cannot be fully found in the present analysis. The cumulative SF or DF
wave plays a dominant role due to its cumulative growth effect. It is less important
that the freely propagating plane waves cannot be determined.

In practical cases, the solution should be the real part of u; = shown in
equation (28), ie, (Y, +@F9, /2, where @,  is the complex

. . 2C
conjugation of ui;%) , .

3. QUANTITATIVE ANALYSIS

On the basis of equation (5) we have the following dispersion equation:

C(f[,l) _ 4ﬁd/C

¢ J16(fidjc)? — 12

Figure 4 shows the dispersion curves corresponding to equation (30). The beeline
L is parallel to the horizontal axis. There are a series of cross points between the
beeline L and the dispersion curves. For example, we take into account the two
cross-points A and B with the co-ordinates 4 ( f1d, ¢.s, my» m) = (0:95¢, 1-64¢, 3) and
B(f>d, c.s, wy»n) = (0:63¢c, 1:64¢, 2). From equation (2) the angles 0, ,,) and 0, ,, can
be calculated. We assume an excitation source with two frequencies f; and f, is

(1=0,1,2,3,...). (30)
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Figure 4. The dispersion curves of the fundamental modes.

piston-like at z = 0, and only radiates two fundamental modes, i.e., the ( f;,m) and
(f2, n) modes. Because of ¢, my = ¢(r,.n)» the SF and DF waves in the waveguide
have the cumulative growth effect.

Next we will use a numerical computation to illustrate the fields of the
cumulative SF and DF waves. For simplicity, the fluid in the waveguide is assumed
to be an ideal gas with the constant values ¢ = 334 m/s and y = 1-4. On the basis of
equation (28), the cumulative SF and DF wave displacement components along the
oy- and oz-axis, denoted by u{? and u*©, are given by

2
COS Q(f m) z .
uPO =) (=17 = 0. - au((ﬁ)ifz,m,n)pp exp [i(w1 £ 02) K, m—p 1p/c] + cc,
p=1 sin (f1.m)
2 z
u(ZZC) = Z a u((jl‘?l)ifé,;71,n)pp eXp [.] (wl i 0)2) K?fl ,m)fp'rp/c:l + C.C. (31)
rp=1

In equation (31), “c.c.” is the complex conjugation of the preceding term,
ul?y e (p=1,2) is determined by equation (16), the angle 0, ., can be
calculated by equation (2) if f;d (i = 1,2), m (or n), and ¢, ,, are given. At the
moment, it is easy, from equation (31), to calculate the values of u{*© and
u?© versus (x, y). Figure 5 shows the corresponding field patterns of the cumulative
SF and DF waves [corresponding to (s, my—1 Ucr, my—1 + Uir,my—1Ucrym—1)/d]. 1t
is easy to see that the cumulative SF and DF wave field patterns possess the effect of
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Figure 5. The cumulative SF and DF wave field patterns, f;d = 0:95¢, fo,d = 0:63¢, ¢(;, y = C(rom) =
1-64c, m = 3, n = 2; (a) the SF case, (b) the DF case.

two-dimensional cumulative growth, and that the corresponding field patterns are
antisymmetrical (due to m = 3, n = 2).

4. CONCLUSION

As shown above, we originate a comprehensive theory to analyze the generation
of the cumulative SF and DF waves in a two-dimensional hard-walled waveguide.
If an excitation source is of multi-frequency, there will be the SF and DF wave
generation due to the bulk non-linearity of the fluid in the waveguide. In this article,
for simplicity, we assume an excitation source includes two frequencies f; and f>,
and generates two sets of the fundamental modes, i.e., the (f1,m) and ( f, n) modes.
The cross-interaction of the partial waves of the ( f1, m) and ( f,, n) modes generates
the SF and DF waves in the waveguide. The results show that the driven SF and
DF waves retain the cumulative effect once the two fundamental modes with
different frequencies have the same phase velocities. On the basis of the analysis
method of non-linear acoustic waves at an interface, and the boundary and initial
conditions of excitation, the analytical expression of the cumulative SF and DF
waves has been obtained. It is also found that the symmetrical characteristics of the
cumulative SF and DF wave fields are determined by those of the two fundamental
modes. Moreover, we illustrate the procedure to calculate the ultimate SF and DF
wave field patterns in the waveguide if a pistonlike excitation source at an initial
plane is known.

As for the discussion on the generation of the cumulative SF and DF waves in the
waveguide, the physical model and the analysis process are clear. From the
viewpoint of second order perturbation, we can solve the problem of the cumulative
SF and DF wave generation accurately, if second order approximation is adequate.
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The analysis process described in this article lays a foundation for studying the
cumulative wave generation of time-domain acoustic fields that may be of
multi-frequency.
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APPENDIX A

The coefficient matrices [M (ks nd)], [M (s, .m k¢, md £ o, mkir, md)], and
[M(cter, mkir, md F s, mKkr,.md)] are, respectively, given by

—exp(—jocr.nkir.nd)  +exp(+jocr . nker nd
[M(ks,.pd)] =[ P( PlsgenFsin ) p( 1% Kerin )}
—exp(+jus.nkind)  +exp(—jog.pki.nd)

—R_ R
LM (r, mkir, md £ o, mkir,md)] = !
— R, R_

and

_ —R_ R
[M(a(f1 ,m) k(fl »m)d + (x(fz \h) k(fz,") d)] = |: _ R/+ R/t:|

Where RJr Zexp[-I—j(ot(f“m)k(f“m)diot(fz,,,)k(fzy,,)d)], R, :exp[—j((x(f“m)
kipomd £ s, mkip, md)], Ry =expl 43, mki,,md T o, mks, md)], and
R_ =exp[ — s, mKkr.md F % mkir,,md)]l,

The right-hand side of equation (21) is expressed as

(D) : (FC)

|:01:| _ |: +R-  + R+:| |:COS Oy, .m Ur s fymm1 — S Oy, Uy +f2,m,n)11:|
- (D) : (FC) :

03 — R+ —R_ || cosOy, mug, + fymm22 — SI Oy, U1 L fmn22
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